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Abstract
Let n = (n1, . . . , nk) be a multiindex and κ(n) =
∏k
j=1 nj . We say that n → ∞ if ni →∞, 1 i k.
If r = (r1, . . . , rk) and s = (s1, . . . , sk), let |r − s| = (|r1 − s1|, . . . , |s1 − sk |). We say that a multilevel
Toeplitz matrix of the form Tn = [t|r−s|]∞r,s=1 is totally symmetric. Let Qk be the k-fold Cartesian product
of Q=[−π, π ] with itself, and let {tr }∞r=−∞ be the Fourier coefficients of a function f=f (θ1, . . . , θk) in
L2(Qk) that is even in each variable θ1, . . . , θk , so that Tn is totally symmetric for every n. We associate
the multiindex n with 2k multiindices m(n, p), 0p 2k − 1, such that limn→∞κ(m(n, p))/κ(n) = 2−k ,
0p 2k − 1, and ∑2k−1
p=0 κ(m(n, p) = κ(n), and show that the singular values of Tn separate naturally
into 2k sets Sn,0, . . . ,Sn,2k−1 with cardinalities κ(m(n, 0)), . . . , κ(m(n, 2k − 1)) such that the singular
values in each set Sn,p are associated with singular vectors exhibiting a particular type of symmetry. Our
main result is that the singular values in Sn,p and the singular values of Tm(n,p) are absolutely equally
distributed with respect to the class G of functions bounded and uniformly continuous on R as n → ∞,
0  p  2k − 1. If f is real-valued, then an analogous result holds for the eigenvalues and eigenvectors
of Tn.
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1. Introduction
Throughout this paper we denote the k-dimensional multiindex r (read as “r-line”) by r =
(r1, r2, . . . , rk), where r1, . . . , rk are integers. For convenience,
1 = (1, 1, . . . , 1︸ ︷︷ ︸
k
) and ∞ = (∞,∞, . . . ,∞︸ ︷︷ ︸
k
).
We define
r − s = (r1 − s1, r2 − s2, . . . , rk − sk)
and
|r| = (|r1|, |r2|, . . . , |rk|).
We say that m  n if m  n, 1    k. If m  n, we denote
n∑
r=m
=
n1∑
r1=m1
n2∑
r2=m2
· · ·
nk∑
rk=mk
.
If n  1, then κ(n) = ∏kj=1 nj ,
p(n) =
−1∏
j=1
nj and q(n) =
k∏
j=+1
nj , 1    k; (1)
in particular, p1(n) = qk(n) = 1.
Following Tyrtyshnikov [12], we say that n → ∞ if ni → ∞, 1  i  k, and that Tn =
[tr−s]nr,s=1 ∈ Cκ(n)×κ(n) is a k-level Toeplitz matrix of level orders n1, n2, . . . , nk if
Tn = [tr1−s1 ]n1r1,s1=1, tr1−s1 ∈ Cq1(n)×q1(n),
tr1−s1 = [tr1−s1,r2−s2 ]n2r2,s2=1, tr1−s1,r2−s2 ∈ Cq2(n)×q2(n),
...
tr1−s1,...,rk−1−sk−1 = [tr1−s1,...,rk−1−sk−1,rk−sk ]nkrk,sk=1, tr1−s1,...,rk−1−sk−1,rk−sk ∈ C.
In general, if A ∈ Cm×m, we denote the singular values of A by σ1(A)  · · ·  σm(A). If A
has m real eigenvalues, we denote them by λ1(A)  · · ·  λm(A).
Let G be the set of all functions bounded and uniformly continuous on (−∞,∞). If {dn}∞n=1
is an increasing sequence of positive integers and X = {{xin}dni=1}∞n=1 and Y = {{yin}dni=1}∞n=1, we
say that X and Y are absolutely equally distributed with respect to G if
lim
n→∞
1
dn
dn∑
i=1
|G(xin) − G(yin)| = 0 for all G ∈ G.
This definition and the following lemma were given in [8].
Lemma 1. If
lim
n→∞
1
dn
dn∑
i=1
|xin − yin| = 0,
then X and Y are absolutely equally distributed with respect to G.
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Let Q = [−π, π ]. We assume that the family {Tn}∞n=1 is generated by a symbol f ∈ L2(Qk);
thus,
tr = 1
(2π)k
∫
Qk
f (θ1, . . . , θk)e
−i(r1θ1+···+rkθk )dθ1 · · · dθk, −∞ < r < ∞. (2)
We also assume that f is even in each variable θ1, . . . , θk; i.e.,
f (θ1, θ2, . . . , θk) = f (−θ1, θ2, . . . , θk) = f (θ1,−θ2, . . . , θk) = f (θ1, θ2, . . . ,−θk).
We say that f is totally even. In this case tr = t−r , so Tn = [t|r−s]nr,s=1 and we say that Tn is
totally symmetric.
We will associate the multiindex n with 2k multiindices m(n, p), 0  p  2k − 1, such that
lim
n→∞ κ(m(n, p))/κ(n) = 2
−k, 0  p  2k − 1, and
2k−1∑
p=0
κ(m(n, p) = κ(n)
and show that the singular values of Tn separate naturally into 2k sets Sn,0, . . . ,Sn,2k−1 with
cardinalities κ(m(n, 0)), . . . , κ(m(n, 2k − 1)) such that the singular values in each setSn,p are
associated with singular vectors exhibiting a particular type of symmetry. Our main result is that
the singular values in Sn,p and the singular values of Tm(n,p) are absolutely equally distributed
with respect to G, 0  p  2k − 1. If f is real-valued, then an analogous result holds for the
eigenvectors and eigenvalues of Tn. In the latter case, our results are extensions of results obtained
in [6].
2. Preliminary considerations
Let Jn be the n × n flip matrix; thus, Jn = [δi,n−j+1]ni,j=1. It is well known that
Jn =
[
Pn0 Pn1
] [In/2 0
0 −In/2
][
P Tn0
P Tn1
]
,
where
Pn0 = 1√
2
[
Iν
Jν
]
and Pn1 = 1√
2
[
Iν
−Jν
]
if n = 2ν (3)
or
Pn0 = 1√
2

 Iν 0ν×101×ν √2
Jν 0n×1

 and Pn1 = 1√
2

 Iν01×ν
−Jν

 if n = 2ν + 1. (4)
Note that
JnPn0 = Pn0, JnPn1 = −Pn1, (5)
P Tn0Pn1 = 0, P Tn0Pn0 = In/2 and P Tn1Pn1 = In/2. (6)
It is well known that JnTnJn = Tn if Tn is a symmetric (possibly complex) one-level Toeplitz
matrix. There is a natural extension of this property to totally symmetric k-level Toeplitz matrices.
Let
Rn, = Ip(n) ⊗ Jn ⊗ Iq(n) ∈ Rκ(n)×κ(n), 1    k. (7)
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Forming the product Rn,TnRn, has no effect on the row and column indices of Tn except at level
, where it changes r and s to n − r + 1 and n − s + 1; therefore |r − s| is unchanged.
Hence,
Rn,TnRn, = Tn, 1    k. (8)
If 0  p  2k − 1, let
p =
k∑
=1
µp2−1 (9)
be its binary expansion. Let
m(n, p) = (mn,1(p),mn,2(p), . . . , mn,k(p)) (10)
with
mn,(p) =
{n/2 if µp = 0,
n/2 if µp = 1, 1    k. (11)
Then κ(m(n, p)) → ∞, 0  p  2k − 1, if and only if n → ∞, and
lim
n→∞
κ(m(n, p))
κ(n)
= 1
2k
, 0  p  2k − 1. (12)
Define
Qn,p = Pn1,µ1p ⊗ Pn2,µ2p ⊗ · · · ⊗ Pnk,µkp ∈ Rκ(n)×κ(m(n,p)). (13)
From (5) and (7),
Rn,Qn,p = (−1)µpQn,p, 0  p  2k − 1, 1    k. (14)
Define
Qn =
[
Qn,0 Qn,1 · · · Qn,2k−1
]
. (15)
Since
2k−1∑
p=0
κ(m(n, p)) = κ(n)
[10, Lemma 1], Q ∈ Rκ(n)×κ(n). From (13),
QTn,pQn,q = (P Tn1,µ1pPn1,µ1q ) ⊗ (P Tn2,µ2pPn2,µ2q ) ⊗ · · · ⊗ (P Tnk,µkpPnk,µkq ),
so (6) implies that
QTn,pQn,q = δpqIκ(m(n,p)), 0  p, q  2k − 1. (16)
Hence,
Q−1n = QTn =


QTn,0
QTn,1
...
QT
n,2k−1

 . (17)
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The following theorem is a special case of a much more general result [10, Theorem 1] which
requires complicated machinery to formulate; therefore, since the proof of the special case is
considerably simpler, we include it here for completeness.
Theorem 1. A totally symmetric k-level Toeplitz matrix Tn can be written as
Tn = Qn

2k−1⊕
p=0
An,p

QTn = 2
k−1∑
p=0
Qn,pAn,pQ
T
n,p (18)
with
An,p = QTn,pTnQn,p ∈ Cκ(m(n,p))×κ(m(n,p)), 0  p  2k − 1. (19)
Proof. We can certainly write
Tn = Qn
(
[Bn,pq ]2k−1p,q=0
)
QTn, (20)
where Bn,pq ∈ Cκ(m(n,p))×κ(m(n,q)), 0  p, q  2k − 1. From (14) and (15),
Rn,Qn =
[
(−1)µ0Qn,0 (−1)µ1Qn,1 · · · (−1)µ,2k−1Qn,2k−1
]
, 1    k.
Therefore, from (17) and (20),
Rn,TnRn, = Qn([(−1)µp+µqBn,pq ]2k−1p,q=0)QTn, 1    k,
so (8) implies that
(−1)µp+µqBn,pq = Bn,pq, 0  p, q  2k − 1, 1    k.
Hence, Bn,pq = 0 unless µp = µq , 1    k; i.e., unless p = q. Therefore,
Tn = Qn

2k−1⊕
p=0
Bn,pp

QTn = 2
k−1∑
p=0
Qn,pBn,ppQ
T
n,p,
which is equivalent to (18) with An,p = Bn,pp, 0  p  2k − 1. To verify (19), we note from
(18) that
TnQn = Qn

2k−1⊕
p=0
An,p

 ,
so, from (15), TnQn,p = Qn,pAn,p, 0  p  2k − 1. Hence (16) implies (19). 
From (19), An,0, . . . , An,2k−1 are symmetric, and they are real if and only if Tn is real. Also,
from (12), An,0, . . . , An,2k−1 are all asymptotically of order 2−kκ(n).
If k = 1, then (7) (with simplified notation) reduces to Rn = Jn. Following Andrew [1], we
say that z ∈ Cn is symmetric (skew symmetric) if Jnz = z (Jnz = −z). In [5] we defined an
eigenvalue to be even (odd) if it is associated with a symmetric (skew symmetric) eigenvector.
Here we will also say that a singular value is even (odd) if it is associated with symmetric (skew
symmetric) left and right singular vectors. We generalize these definition to the case where k > 1
by saying that a vector z ∈ Cκ(n) is p-symmetric if
Rn,z = (−1)µpz, 1    k (21)
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(recall (9)), an eigenvalue has parity p if it is associated with an p-symmetric eigenvector, and a
singular value has parity p if it is associated with p-symmetric left and right singular vectors.
Theorem 1 implies the following theorem.
Theorem 2. If Tn is as in (18) and An,p = n,pn,p∗n,p is a singular value decomposition of
An,p, 0  p  2k − 1, then
Tn =
2k−1∑
p=0
(Qn,pn,p)n,p(Qn,pn,p)
∗ (22)
is a singular value decomposition of Tn. Thus, the singular values of An,p are singular values
of Tn with parity p. If Tn is real and An,p = n,pDn,pTn,p is a spectral decomposition of An,p,
0  p  2k − 1, then
Tn =
2k−1∑
p=0
(Qn,pn,p)Dn,p(Qn,pn,p)
T (23)
is a spectral decomposition of Tn. Thus, the eigenvalues of An,p are eigenvalues of Tn with
parity p.
Proof. Eq. (18) implies (22) and (23), and (14) and (21) imply that the columns of Qn,pn,p and
Qn,pn,p are p-symmetric. 
It is clear from Theorem 2 that a repeated eigenvalue or singular value may have more than one
parity; in fact, a repeated eigenvalue of a real symmetric one-level Toeplitz matrix is necessarily
both even and odd [2, Theorem 8].
3. The main theorem
We can now state our main theorem.
Theorem 3. If {Tn}∞n=1 is generated by a totally symmetric symbol f ∈ L2(Qk), then the singular
values of Tn with parityp and the singular values of Tm(n,p) are absolutely equally distributed with
respect to G, 0  p  2k − 1. If f is real-valued, then the eigenvalues of Tn with parity p and
the eigenvalues of Tm(n,p) are absolutely equally distributed with respect to G, 0  p  2k − 1.
We need the following theorem to prove Theorem 3.
Theorem 4. Under the assumptions of Theorem 3,
lim
n→∞
1√
κ(m(n, p))
‖An,p − Tm(n,p)‖ = 0, 0  p  2k − 1, (24)
where ‖ · ‖ denotes the Frobenius norm.
The proof of Theorem 4 is given in the next section. Here we will show that Theorem 4 implies
Theorem 3. By the Wielandt–Hoffman theorem [4, pp. 270, 287],
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κ(m(n,p))∑
i=1
(σi(An,p) − σi(Tm(n,p)))2  ‖An,p − Tm(n,p)‖2; (25)
moreover,
κ(m(n,p))∑
i=1
(λi(An,p) − λi(Tm(n,p)))2  ‖An,p − Tm(n,p)‖2 (26)
if f is real-valued. From (24) and Schwarz’s inequality, (25) and (26) imply that
lim
n→∞
1
κ(m(n, p))
κ(m(n,p))∑
i=1
|σi(An,p) − σi(Tm(n,p))| = 0
and
lim
n→∞
1
κ(m(n, p))
κ(m(n,p))∑
i=1
|λi(An,p) − λi(Tm(n,p))| = 0.
Hence, Lemma 1 and Theorem 4 imply Theorem 3.
4. Proof of Theorem 4
Lemma 2. Let
Um = [u|r−s|]mi,j=1,
where u0, . . . , um−1 ∈ Cd×d are symmetric, and let
m0 = Pm0 ⊗ Id and m1 = Pm1 ⊗ Id,
with Pm0 and Pm1 as in (3) if m = 2ν or as in (4) if m = 2ν + 1. Then
‖T2ν,0U2ν2ν,0 − Uν‖ = ‖T2ν,1U2ν2ν,1 − Uν‖ =
ν∑
r,s=1
‖ur+s−1‖2, (27)
‖T2ν+1,0U2ν+12ν+1,0 − Uν+1‖2 =
ν∑
r,s=1
‖ur+s‖2 + 2(
√
2 − 1)2
ν∑
r=1
‖ur‖2 (28)
and
‖T2ν+1,1U2ν+1,12ν+1,1 − Uν‖2 =
ν∑
r,s=1
‖ur+s‖2. (29)
Proof. Let
Vν =


uν uν+1 · · · u2ν−1
uν−1 uν · · · u2ν−2
...
...
.
.
.
...
u1 u2 · · · uν


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and
Wν =


uν+1 uν+2 · · · u2ν
uν uν+1 · · · u2ν−1
...
...
.
.
.
...
u2 u3 · · · uν+1

 .
Then
‖Vν‖2 =
ν∑
r,s=1
‖ur+s−1‖2 and ‖Wν‖2 =
ν∑
r,s=1
‖ur+s‖2. (30)
Moreover, from the symmetry of u0, . . . , um−1,
(Jν ⊗ Id)Uν(Jν ⊗ Id) = Uν, (Jν ⊗ Id)V Tν = Vν(Jν ⊗ Id)
and
(Jν ⊗ Id)WTν = Wν(Jν ⊗ Id).
Since
U2ν =
[
Uν Vν
V Tν Uν
]
,
it is straightforward to verify that
T2ν,0U2ν2ν,0 = Uν + VνJν and T2ν,1U2ν2ν,1 = Uν − VνJν.
This and (30) imply (27). Also,
U2ν+1 =

 Uν Jνvν WνvTν Jν u0 vTν
WTν vν Uν


with vν =
[
u1 u2 · · · uν
]T
, and it is straightforward to verify that
T2ν+1,0U2ν+12ν+1,0 =
[
Uν + WνJν
√
2Jνvν√
2vTν Jν u0
]
and
T2ν+1,1U2ν+12ν+1,1 = Uν − WνJν.
The last two equalities and (30) imply (28) and (29). 
We consider the case where k = 1 separately. Then (18) and (19) are equivalent to
Tn =
[
Pn0 Pn1
] [An0 0
0 An1
][
P Tn0
P Tn1
]
and
An0 = P Tn0TnPn0 ∈ Cn/2×n/2 and An1 = P Tn1TnPn1 ∈ Cn/2×n/2.
which is a well known special case of [9, Theorem 1]. Now Lemma 2 with m = n, uν = tν ,
Un = Tn, and d = 1 implies that
‖A2ν,0 − Tν‖2 = ‖A2ν,1 − Tν‖2 =
ν∑
r,s=1
|tr+s−1|2, (31)
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‖A2ν+1,0 − Tν+1‖2 =
ν∑
r,s=1
|tr+s |2 + 2(
√
2 − 1)2
ν∑
r=1
|tr |2, (32)
and
‖A2ν+1,1 − Tν‖2 =
ν∑
r,s=1
|tr+s |2. (33)
Now we need the following lemma from [7] (see also [3]).
Lemma 3. If {cr} is a sequence of nonnegative numbers such that ∑∞ cr < ∞, then
lim
ν→∞
1
ν
ν∑
r,s=1
cr+s = 0.
Since f ∈ L2[−π, π ],∑∞r=−∞ |tr |2 < ∞; hence Lemma 3, (31)–(33), and Schwarz’s inequal-
ity imply that
lim
ν→∞
1√
ν
‖A2ν,0 − Tν‖= lim
ν→∞
1√
ν
‖A2ν,1 − Tν‖ = lim
ν→∞
1√
ν
‖A2ν+1,0 − Tν+1‖
= lim
ν→∞
1√
ν
‖A2ν+1,1 − Tν‖ = 0,
which implies (24) if k = 1.
Theorem 3 with k = 1 extends results obtained in [6] for real symmetric matrices Toeplitz
matrices generated by a bounded real-valued even f ∈ L[−π, π ]. (For related results, see [3] and
[7, Section 4].)
For the case where k > 1 we need the following extension of Lemma 3.
Lemma 4. Suppose that k > 1 and let u, v, and h be (k − 1)-dimensional multiindices. Suppose
that ci,u  0 for −∞ < i < ∞ and −∞ < u < ∞. Suppose also that
∞∑
u=−∞
∞∑
i=−∞
ci,u < ∞ (34)
and let α be a fixed integer. Then
lim
m→∞
1
mκ(h)
h∑
u,v=1
m∑
i,j=1
ci+j+α,u−v = 0
uniformly for all h  1.
Proof. Denote
βm,h =
h∑
u,v=1
m∑
i,j=1
ci+j+α,u−v.
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Then
βm,h =
h−1∑
u=−h+1
(h1 − |u1|) · · · (hk−1 − |uk−1|)
m∑
i,j=1
ci+j+α,u.
Hence,
βm,h
κ(h)

∞∑
u=−∞
m∑
i,j=1
ci+j+α,u. (35)
However, for every u,
m∑
i,j=1
ci+j+α,u =
m∑
=1
c+α+1,u +
2m−1∑
=m+1
(2m − )c+α+1,u.
From this and (35),
βm,h
mκ(h)
 1
m
∞∑
u=−∞
m∑
=1
c+α+1,u +
∞∑
u=−∞
∞∑
=m+1
c+α+1,u. (36)
From (34), if  > 0, there is an M such that
∞∑
u=−∞
∞∑
=M+1
c+α+1,u <

3
.
Then (36) implies that
βm,h
mκ(h)
 1
m
∞∑
u=−∞
M∑
=1
c+α+1,u + 23 , h  1, m  M. (37)
Now choose M1 so that
1
M1
∞∑
u=−∞
M∑
=1
c+α+1,u <

3
.
Then (37) implies that
βm,h
mκ(h)
< , h  1, m  M1. 
Lemma 5. Suppose that {Tn}∞n=1 is generated by a totally symmetric symbol f ∈ L2(Qk). Let α
be a fixed integer and let
ψ1(r, s, α) = (r1 + s1 + α, r2 − s2, . . . , rk − sk),
ψ(r, s, α) = (r1 − s1, . . . , r−1 − s−1, r + s + α, r+1 − s+1, . . . , rk − sk),
2    k − 1,
ψk(r, s, α) = (r1 − s1, . . . , rk−1 − sk−1, rk + sk + α).
Define
ρ(m, α) = 1
κ(m)
m∑
r,s=1
|tψ(r,s,α)|2.
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Let  ∈ {1, . . . , k}. Then limm→∞ ρ(m, α) = 0 uniformly for all mi  1 with i ∈ {1, . . . , k}
and i /= .
Proof. Since f ∈ L2(Qk), ∑∞r=−∞ |tr |2 < ∞. Apply Lemma 4 with i = r, j = s, m = m,
u =


(r2, . . . , rk) if  = 1,
(r1, . . . , r−1, r+1, . . . , rk) if 2    k − 1,
(r1, . . . , rk−1) if  = k,
v =


(s2, . . . , sk) if  = 1,
(s1, . . . , s−1, s+1, . . . , sk) if 2    k − 1,
(s1, . . . , sk−1) if  = k
and
ci,u = cr,u = |tr |2. 
Lemma 6. If m = (m1,m2, . . . , mk) > 1 and  ∈ {1, . . . , k}, let
m,,i = Iρ(m) ⊗ Pm,i ⊗ Iq(m), i = 0, 1,
with p(m) = ∏−1j=1 mj and q(m) = ∏kj=+1 mj . Then:
(a) If m is even, then
‖Tm,,iTmm,,i − Tm()‖2 =
m∑
r,s=1
|tψ(r,s,−1)|2, i = 0, 1,
where m() is obtained from m by replacing m with m/2.
(b) If m is odd, then
‖Tm,,0Tmm,,0 − Tm()‖2 
m∑
r,s=1
|tψ(r,s,0)|2 + 2(
√
2 − 1)2
∞∑
r=−∞
|tr |2,
where m() is obtained from m by replacing m with m/2, and
‖Tm,,1Tmm,,1 − Tm()‖2 =
m∑
r,s=1
|tψ(r,s,0)|2,
where m() is obtained from m by replacing m with m/2.
In any case,
Tm,,iTmm,,i = Tm() + Hm(),
where limm→∞ ‖Hm()‖/
√
κ(m) = 0 uniformly for all mi  1 with i ∈ {1, . . . , k} and i /= .
Proof. Forming the product Tm,,iTmm,,i operates only on the indices r and s of Tm =
[t|r−s|]mr,s=1. If  = 1, apply Lemma 2 with m = m1, mi = Pm1,i and d = q1(m). If  > 1,
apply Lemma 2 with m = m, m,i = Pm,i , d = q(m), and
Um =
[
t|r1−s1|,...,|r−s|
]m
r,s=1
with r1, . . . , r−1 and s1, . . . , s−1 fixed. Then sum the estimates provided by Lemma 2 over
1  rp, sp  mp, 1  p < . Invoking Lemma 5 then yields the conclusion. 
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For convenience in completing the proof of Theorem 4, we state the following elementary
lemma:
Lemma 7. If A ∈ Cq×q,  ∈ Rq×p with p  q, and T = Ip, then ‖TA‖  ‖A‖.
Henceforth, p ∈ {0, 1, . . . , 2k − 1} is fixed. To complete the proof of Theorem 4, we must
show that if  > 0 there is a N such that
‖QTn,pTnQn,p − Tm(n,p)‖√
κ(m(n, p))
<  if n  N. (38)
(See (19) and (24)). Recalling (10) and (11), let
τ (n, p) =


(n1, . . . , nk) = n,  = 0,
(mn,1(p), . . . , mn,(p), n+1, . . . , nk), 1    k − 1,
(mn,1(p), . . . , mn,k(p)) = m(n, p),  = k
(39)
and p(m(n, p)) = ∏−1j=1 mn,j (p). Define
Qn,p, =


Pn1,µ1p ⊗ · · · ⊗ Pnk,µk = Qn,p (see (13)),  = 1,
Ip(m(n,p)) ⊗ Pn,µp ⊗ · · · ⊗ Pnk,µk , 2    k − 1,
Ipk (m(n, p)) ⊗ Pnk,µk ,  = k,
Iκ(m(n,p)),  = k + 1.
(40)
Then
Qn,p, = Xn,p,Qn,p,+1, 1    k
with
Xn,p, = Ip(m(n,p)) ⊗ Pn,µp ⊗ Iq(n), 1    k. (41)
(Recall (1)). Therefore,
QTn,p,Tτ−1(n,p)Qn,p, = QTn,p,+1(XTn,p,Tτ−1(n,p)Xn,p,)Qn,p,+1, (42)
1    k. From (41), Lemma 5, and Lemma 6 with m = τ (n, p),
XTn,p,Tτ−1(n,p)Xn,p, = Tτ(n,p) + Hτ(n,p), 1    k,
where
lim
n→∞
Hτ(n,p)√
κ(τ (n, p))
= 0
uniformly for nj  1 with j ∈ {1, . . . , k} and j /= . This, (42), and Lemma 7 with  = Qn,p,+1
imply that
lim
n→∞
‖QTn,p,Tτ−1(n,p)Qn,p, − QTn,p,+1Tτ(n,p)Qn,p,+1‖√
κ(τ (n, p))
= 0, 1    k,
uniformly for nj  1 with j ∈ {1, . . . , k} and j /= . Therefore, there is a N such that if n  N ,
then
‖QTn,p,Tτ−1(n,p)Qn,p, − QTn,p,+1Tτ(n,p)Qn,p,+1‖√
κ(τ (n, p))
 
3k−k
, 1    k.
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Since (11) and (39) imply that κ(τ (n, p))  3k−κ(m(n, p)), it follows that
‖QTn,p,Tτ−1(n,p)Qn,p, − QTn,p,+1Tτ(n,p)Qn,p,+1‖√
κ(m(n, p))
 
k
, 1    k, n  N.
This, (40), and the triangle inequality imply (38), which completes the proof of Theorem 4.
5. A closing comment
The following theorem appears in [11].
Theorem 5. Suppose that f ∈ L2(Qk) and let Tm = [tr−s]mr,s=1 with {tr}∞r=−∞ as in (2). Then
lim
m→∞
1
κ(m)
κ(m)∑
i=1
G(σi(Tm)) = 1
(2π)k
∫
Qk
G(|f (θ)|)dθ for all G ∈ G.
If f is real-valued, then
lim
m→∞
1
κ(m)
κ(m)∑
i=1
G(λi(Tm)) = 1
(2π)k
∫
Qk
G(f (θ))dθ for all G ∈ G.
Theorem 5 with m = m(n, p) and Theorem 3 imply the following theorem.
Theorem 6. If {Tn}∞n=1 is generated by a totally symmetric symbol f ∈ L2(Qk), then
lim
n→∞
1
κ(m(n, p))
κ(m(n,p))∑
i=1
G(σi(An,p)) = 1
(2π)
∫
Qk
G(|f (θ)|)dθ
for 0  p  2k − 1 and all G ∈ G; hence, the singular values of {Tn}∞n=1 with parity p are
asymptotically distributed like the values of |f |, 0  p  2k − 1. If f is real-valued, then
lim
n→∞
1
κ(m(n, p))
κ(m(n,p))∑
i=1
G(λi(An,p)) = 1
(2π)
∫
Qk
G(f (θ))dθ
for 0  p  2k − 1 and all G ∈ G; hence, the eigenvalues of {Tn}∞n=1 with parity p are asymp-
totically distributed like the values of f, 0  p  2k − 1.
Acknowledgments
I thank E.E. Tyrtyshnikov and N.L. Zamarashkin for suggestions that improved the organization
and clarity of this paper.
References
[1] A.L. Andrew, Eigenvectors of certain matrices, Linear Algebra Appl. 7 (1973) 151–162.
[2] P. Delsarte, Y. Genin, Spectral properties of finite Toeplitz matrices, in: Mathematical Theory of Networks and
Systems, Proceedings of MTNS-83 International Symposium, Beer Sheva, Israel, 1983, pp. 194–213.
[3] D. Fasino, Spectral properties of Toeplitz-plus-Hankel matrices, Calcolo 33 (1996) 87–98.
W.F. Trench / Linear Algebra and its Applications 416 (2006) 696–709 709
[4] G. Golub, C. Van Loan, Matrix Computations, The Johns Hopkins University Press, Baltimore, 1983.
[5] W.F. Trench, Spectral evolution of a one-parameter extension of a real symmetric Toeplitz matrix, SIAM J. Matrix
Anal. Appl. 11 (1990) 601–611.
[6] W.F. Trench, Asymptotic distribution of the even and odd spectra of real symmetric Toeplitz matrices,Linear Algebra
Appl. 302–303 (1999) 155–162.
[7] W.F. Trench, Absolute equal distribution of the spectra of Hermitian matrices, Linear Algebra Appl. 366 (2003)
417–431.
[8] W.F. Trench, Absolute equal distribution of families of finite sets, Linear Algebra Appl. 367 (2003) 131–146.
[9] W.F. Trench, Characterization and properties of matrices with generalized symmetry or skew symmetry, Linear
Algebra Appl. 377 (2004) 207–218.
[10] W.F. Trench, Multilevel matrices with involutory symmetries and skew symmetries,Linear Algebra Appl. 403 (2005)
53–74.
[11] E.E. Tyrtyshnikov, New theorems on the distribution of eigenvalues and singular values of multilevel Toeplitz
matrices, Dokl. Akad. Nauk. (3) (1993) 300–303. (translation in Russian Akad. Sci. Dokl. Math. 48 (3) (1994)
524–528).
[12] E.E. Tyrtyshnikov, A unifying approach to some old and new theorems on distribution and clustering,Linear Algebra
Appl. 232 (1996) 1–43.
